Abstract. An elementary proof is presented showing that the function f(z) = J (z)± iJy+x(z), where y is a natural number, has no zeroes in the lower and upper half-planes respectively.
W -'vi(z) = 0 frequently arises in certain solutions of problems in coastal hydrodynamics [1] . Its behaviour in the upper half-plane has been well established by Synolakis [1] and Rawlins [2] , while its zeroes in the lower half-plane were first calculated by Macdonald [3] . In this paper we will present a theorem discussing the behaviour of the function fiz) = Jy{z) ± iJy+l(z) = 0 (1) and certain applications. This function arises in problems of wave reflection off composite beaches, i.e., beaches with multiple slopes.
II. Theorem. The function f(z) -Jy(z) ± iJy+l(z) VyeN, where N is a natural number has no zeroes in the lower and upper half-planes respectively. Proof. Let the sequence £ n , where y is a natural number, denote the real zeroes of J (z) which lie on the positive real axis arranged in order of nondecreasing magnitude other than the origin. Using the result of Bateman [4] J1±1^1 = _2zY -
and using the fact that Jy{z) and Jy+l(z) have no common zeroes other than the origin [5] , and generalizing the method of Rawlins [2] , one can derive that the zeroes (4) is nonzero in the lower and in the upper half-planes respectively, and therefore, J (z) ± iJy+l(z) has no zeroes in the lower and upper half-planes respectively.
Corollary.
Using the theorem, it is easy to show that for any polynomial function
where C± is any contour in the upper and lower half-planes respectively. These coefficients were first given by Rayleigh [5] , Although elegant, unfortunately, this method does not provide a more direct way of obtaining z.. On the other hand, using the power series expansion [6] , one obtains the following series for the zeroes of f(z):
Numerical evaluation of the roots of Jy{z) t iJy+l(z). We performed a standard numerical computation using Newton-Raphson iterations directly on Eq. (9). The real part of the initial estimates for the Newton-Raphson iterations were chosen as multiples of n . We used 200 terms for computing the zeroes of f(z). Examples of results for y = 1 and for y -2 are shown in Tables 1 and 2 . To check our numerical accuracy we also used Mathematica [7] , which uses the computational method in Abramowitz and Stegun [6] to calculate the same zeroes; zp refers to the zeroes using the power series directly, and za denotes the zeroes obtained from Mathematica. Since the zeroes of J (z) ± iJy+l(z) = 0 are symmetric about the real axis, the zeroes of J (z) + iJy+l(z) = 0 are the reflection of zeroes of Jy{z) -iJy+l(z) = 0 about the real axis. 
Hence, Sy = 2(7 + l)log(z) + log 2 + in + log 2 1 ) . 
